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Using a lattice Boltzmann (coarse grain) simulation of gas dynamics we show that the apparent permeability
values of nano-scale capillaries could be significantly higher than those predicted by the Klinkenberg slip
theory. The difference is due to kinetic effects of gas molecules that have gone through inelastic collisions
with the capillary walls on those molecules that make up the bulk fluid in the capillary. The kinetic energy
that the bouncing-back molecules have and the associated momentum carried to the bulk fluid is not a trivial
matter in capillaries with diameter, h, less than 100 nm. Momentum carried by bouncing-back molecules am-
plifies the velocity profile developing across the diameter of the capillary. In a sense, it is not only the mole-
cules interacting with the capillary wall that slip but also those interacting with the bulk fluid, i.e., double‐
slip. The double-slip effect is shown using measured permeability data of two crushed nano-porous samples,
Pyrophyllite, and three different shale samples at varying pore pressures. Using the simulation results, we
propose a modification to the Klinkenberg equation. Our new double-slip Klinkenberg equation includes a
characteristic length scale (LKe) that is proportional to the kinetic energy per capillary cross-sectional area
of the bouncing-back molecules by the capillary walls. The new length scale of the molecular kinetic effects
in nano-capillaries is larger than the mean free path of the molecules. The double-slip Klinkenberg equation
reduces to the classical equation for slip flow in large capillaries, i.e., h/LKe>>1, and converges to the absolute
permeability value at high pressure.

© 2012 Elsevier B.V. All rights reserved.
1. Introduction

Laboratory procedures for isothermal gas permeation lead to higher
apparent permeability for porous samples. Explanation for this behavior
was given by Klinkenberg in the 1940s in his seminal work that takes
into account the phenomena of gas slippage (Klinkenberg, 1941). Accord-
ingly, the steady-state flow rate through small capillaries is higher due to
slippage of gasmolecules by the capillarywalls. In addition to the capillary
size the slip is dependent on the type of permeating gas and the pore
pressure; consequently, themeasured permeability values for the sample
could vary significantly. The Klinkenberg slip theory also yields a
widely-known graphical technique that displays the measured perme-
ability variations with respect to the reciprocal of the average pore pres-
sure as a straight-line with an intercept equal to the absolute
permeability of the sample and a slope related to mean free path of the
gas molecules, Eq. (1) (Klinkenberg, 1941).

Ka ¼ K 1þ b
p

� �
ð1Þ
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where Ka is the apparent permeability, K is the liquid permeability, b the
slope of Klinkenberg straight line and p the pore pressure. Fig. 1 describes
the molecular interactions between the gas and capillary wall molecules
according to the Klinkenberg slip theory. While gas is flowing near the
wall, consider that N number of molecules exist in the vicinity of the cap-
illary wall. At any given time, N should be large enough such that, follow-
ing their final collisions within the bulk fluid, N/2 molecules move
towards the capillarywall while the other half moves away from the cap-
illarywall due to their collisionswith thewallmolecules. According to the
theory, the incoming molecules carry a non-zero velocity component
parallel to the direction of bulk fluid flow. It is the macroscopic
average of this velocity that is referred to as the slip velocity, i.e., Vslip=
(Vy1+Vy2+Vy3+…+Vy,N/2)/(N/2). On the other hand, the other half
of the molecules, the ones which have undergone inelastic collisions
with thewall, are considered tomove away from thewall with a zero ve-
locity component parallel to the direction of the bulk fluid flow. Thus,
according to the Klinkenberg's slip theory, only the incoming molecules
from the bulk fluid can contribute to the total mass flux due to their slip-
page; the outgoing molecules, however, cannot influence the bulk fluid
transport. In this article, we show that this assumption is reasonable
when the capillaries are large enough for the formation of a bulk fluid,
with infinite number of molecules, but it eliminates a possible kinetic
role the bouncing-back molecules could play on the fluid flow in smaller
capillaries.

In the following pages, we investigate the flow of gas through a
model capillary using a numerical approach based on the lattice
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Fig. 1. Collisions of gas molecules with the capillary wall according to the Klinkenberg
slip theory.
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Boltzmann method (LBM). The method is described in detail in the
Appendix A for the numerically-inclined reader. Briefly, we describe
the capillary as a lattice (see Fig. 2) and allow the fluid particles (or
coarse grains, which are fictitious meso-scale aggregates of the
fluid molecules) to evolve on the lattice, traveling from node to
node and interacting with each other and with the capillary wall as
dictated by the Boltzmann's equation. Numerically, this is done by
allowing the fluid particles to collide and stream locally in a repeti-
tive manner, hence, transporting them from one end of the capillary
to the other. This numerical process captures the gas dynamics well
and, therefore, the approach has found many applications in various
areas in physical sciences and engineering, in particular
micro-fluidics (Succi, 2001; Sukop and Thorne, 2006). In our
model, in addition to the Boltzmann forces dictating the manner
the particles interact, cohesive forces are introduced between the
neighboring particles. These additional forces enable us to capture
the non-ideal behavior of the gas. Their influence is negligible at
low pressures, however.

In themain body of this article, only the simulation results relevant
to the steady-state gas flow in straight capillaries and to the slip the-
ory will be discussed. The capillary size will be systematically reduced
during the analysis. Unfortunately, this reduction in capillary size has
computational limitations, since the accuracy of LBM decreases with
the shrinking capillary, due to not having a statistically sufficient
number of fluid particles at the lattice nodes at any time. This is the
case for capillaries with diameter below 5 nano-meters (nm). We be-
lieve that non-equilibrium molecular simulation methods should be
used at that scale. We leave such an investigation for a future study,
Fig. 2. Model nano-capillary represented as a D2Q9 lattice pat
and instead focus on capillaries with diameters between 5 and
100 nm. Within this diameter range, the kinetic effects of the mole-
cules interacting with the capillary walls will be shown on fluid parti-
cle velocity profiles and kinetic energy plots as the evidence of
deviations from the classical slip theory of Klinkenberg. We create
Klinkenberg's permeability–pressure chart using our numerical data
showing not only the flow regime where the classical Klinkenberg
slip theory is valid, i.e. the straight line relationship prevails, but also
a significant nonlinear deviation, which appears to be quadratic in av-
erage pressure of the capillary. These observations will be further
supported experimentally by unsteady-state permeability measure-
ments using crushed nano-porous samples: Pyrophyllite and three
different organic-rich shale samples. Finally, based on the observa-
tions, we propose a modification to the Klinkenberg's equation, the
so-called double-slip Klinkenberg equation, and discuss the common
and new features of this equation.
2. Kinetic effect of gas–wall interactions on gas dynamics in a
nano-capillary

At low Reynolds number values (in our case NREbb1), the flow of
fluids in a capillary is described as laminar. For the laminar flow re-
gime, the viscous coupling characteristically leads to a parabolic veloc-
ity profile across the capillary such that the value of velocity is the
highest at the center and goes to zero (no-slip) by the walls. Fig. 3
showing this classical picture is also relevant for steady-state flow of
super-critical methane in a 100 nm capillary at 2500 psi and 77 °F.
The same velocity profile is predicted using both Poiseuille's law (ana-
lytical solution) and the LBM simulation indicating that the latter is ac-
curately capturing the gas dynamics in the capillary.

However, the nature of gas flow changes when the average pres-
sure inside the capillary is reduced. Fig. 4 clearly shows that the fluid
velocity in nano-capillaries less than 50 nm is one to two orders of
magnitude larger than that predicted using the classical theory when
the average pressure is reduced to roughly below 500 psi. Also, smaller
capillaries results in much higher fluid flow velocities than predicted
by the Klinkenberg slippage theory. These observations are quite re-
markable, raising serious concern in regards to the nature of dominant
mechanism(s). Indeed, one would suspect that the accelerated flow is
due to the gas slippage, but particularly in the case of capillaries under
50 nm one needs to be more careful because the variations in average
velocity are significantly higher than what analytical methods and
Klinkenberg's slip theory predicts (Klinkenberg, 1941). This can be
clearly seen where the dimensionless permeability values obtained
using crushed samples show much higher values than predicted
using the Klinkenberg's slip theory. This indicates much higher gas
tern (left) and with walls (right) that allow gas slippage.
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Fig. 3. left: Steady-state flow velocity distribution in 100 nm capillary at 2500 psi average pressure. Right: The normalized velocity profile across the capillary tube to the velocity at
the center of the capillary, V/Vcenter.
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flow velocities. Such higher gas velocities have been previously ob-
served by King (2007), during gas flow in circular nanotubes.

A closer look into steady-state gas flow in nano-capillaries is
possible by analyzing the numerical velocity profiles across each capil-
lary. For this purpose, the data corresponding to 100 psi average pres-
sure is chosen arbitrarily. Fig. 5 shows these velocity profiles. The
figure also includes the analytical solution corresponding to flow in a
100 nm capillary, as the solid line, for comparison. Clearly, with the de-
creasing capillary size, the parabolic velocity profile is transformed into
a uniform plug-like velocity profile at the central portion of the capil-
lary. Furthermore, the estimated velocities by the wall are non-zero,
suggesting that the flow experiences gas slippage. Interestingly, the es-
timated velocities near the wall are significantly higher than that at the
center of the 20 nm capillary and the higher velocity values can be ob-
served not only by the wall, but also deep into the capillary. Hence, the
fluid flow behavior in a 20 nm capillary is fundamentally different than
that in a 100 nm (or larger) capillary. The fundamental difference can
be clearly observed in Fig. 6, where the kinetic energies associated
with the bulk fluid particles are given for the same capillary sizes. In-
deed, the kinetic energy associated with a bouncing-back molecule is
dramatically higher in smaller capillaries.
Fig. 4. Average gas flow velocity across nano-capillary for varying average pore
pressure.
The increased kinetic energy near the walls of smaller capillaries
indicates that the dynamics of flow has changed. After their inelastic
collisions with the wall, the bouncing-back molecules carry their
correspondingmomenta to the bulk fluid located at the central portion
of the capillary and, hence, they create a molecular streaming effect on
the bulk fluid flow. Thus, it is not only the gas molecules by the wall
that slips, but also the bulk fluid ‘wall’, i.e., double-slip. The phenome-
non of double-slip is new and certainly not part of the Klinkenberg's
slip theory. As Fig. 7 shows, the double-slip effect leads to nonlinear
deviation from the Klinkenberg slip theory (represented by the
straight line) and is part of the measured apparent permeability for
that capillary. These preliminary numerical results indicate that the ki-
netic effects of gas molecules interacting with the wall should be con-
sidered during the permeability measurement of nano-porous
materials in the laboratory. In Fig. 7, we also include experimental
data that belongs to Pyrophyllite, a naturally-occurring nano-porous
material with isotropic mechanical properties. The experimental data
also shows the existence of nonlinearity. The data is collected per-
forming routine gas uptake measurements at various pressures once
the sample is crushed into 5.68 mm size fragments. In the figure the
experimental data is shown as it was normalized using experimental
liquid permeability value. Details of permeability measurements are
included in Appendix B. The experimental and numerical results
shown in Fig. 7 indicate that the crushed Pyrophyllite sample should
have an effective (or apparent) pore size equal to 20 nm. Fig. 8
shows the pore size distribution of the sample measured separately
using high-pressure mercury porosimetry. Indeed, the sample has
Fig. 5. Steady-state flow velocity profiles in capillaries with varying diameter at 100 psi
average capillary pressure.
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Fig. 6. Kinetic energy profiles of the steady-state flow in capillaries with varying diam-
eter at 100 psi average pressure.

Fig. 8. Pore size distribution of the 5.68 mm Pyrophyllite sample using high-pressure
mercury injection.
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pores with sizes varying in a small range between 10 and 40 nm and
dominated by 20 nm pores. Thus, the experimental and numerical
data are consistent and their match is acceptable.

One could argue that the experimental data belongs to unsteadymea-
surements and, hence, it should not be presented on the Klinkenberg
chart. However, we show in Fig. 9 that, following the initial expansion
of the introduced gas in the measurement cell, the recorded pressure
decay across the cell is so small during the gas penetration into the frag-
ments that the pressure value (inside the chamber, inside the particles, or
at equilibrium) used in the Klinkenberg chart as the average pressure is
nearly a constant.

In Fig. 10 we introduce a double-slip Klinkenberg chart that in-
cludes the permeability–pressure relationships for varying capil-
lary sizes. Note that the apparent permeability of each capillary
(Ka) is normalized with its corresponding absolute permeability
(K), which is obtained using LBM simulation at 2500 psi (when
no slippage could possibly occur), so that all the curves converge
to unity at high pressures. It is clear that the kinetic effect of the
gas molecules interacting with the capillary wall and the bulk is
significant in capillaries with a diameter less than 50 nm. The effect
is more pronounced when the capillary size is 20 nm or less.
3. Double-slip Klinkenberg equation for steady-state gas flow in
nano-porous materials

The results of this study are applicable for many industrial and
technological applications involving nano-porous materials. Measure-
ment and prediction of the transport properties of low- and ultra-low
Fig. 7. Klinkenberg chart for steady-state gas dynamics in 20 nm capillary.
permeability geological formations, such as in coalbed and
organic-rich gas shale reservoirs are the main interest to the audience
of this journal. Hence, we have followed a curve fitting approach in
the previous section using the double-slip Klinkenberg chart (Fig. 10).
Based on our numerical analysis, additionally we propose the following
equation:

Ka ¼ K 1þ b
p

� �2 LKe
λ

� �� �
ð2Þ

Here, compared to the Klinkenberg's Eq. (1), the quadratic expres-
sion and the term inside the second parenthesis are new, capturing
the kinetic effect of the gas molecules. λ is the mean free path of
the gas molecules, which is influenced by the fluid type, pressure,
and temperature, although it is not affected by the capillary size; b
is a constant (as originally described by Klinkenberg); and b/p is
equal to the ratio of the mean free path to the characteristic length
of the capillaries: 4cλ/h; finally, we introduce a new length scale
(LKe) associated with the kinetic energy of the bouncing-back mole-
cules. In large capillaries, the kinetic effect of the gas molecules is neg-
ligible, hence, (LKe/λ is in the same order as (p/b) so the Klinkenberg
equation is valid, see Fig. 11; furthermore, at significantly high pres-
sures, b/p in Eq. (2) goes to zero, such that Ka≈K. The corresponding
values for liquid permeability, Klinkenberg constant b, and (LKe/λ for
different capillary sizes are provided in Table 1.

Fig. 12 (top) shows an example of history-matching of normalized
permeability of Pyrophyllite sample 2 measured using gas uptake ex-
periment. The measured normalized permeability values are follow-
ing the straight line indicating that the Klinkenberg slip theory is
valid for this sample and corresponding effective capillary size is larg-
er than 100 nm. Fig. 12 (bottom) shows the pore size distribution of
sample 2 using high‐pressure mercury injection method. The mean
pore size is more than 100 nm which is consistent with our observa-
tion using the double‐slip chart. In Fig. 13 the application of the
double-slip chart is shown for shale: sample #3. Normalized perme-
ability measurements for this sample follow the trend for double-slip
curve corresponding to 5 nm capillary, indicating the presence of
double-slip effect on permeability measurements of shale sample #3.
For this sample also high‐pressure mercury injection confirms the ef-
fective pore size of less than 5 nm. We further validated the applica-
tion of our double-slip chart using the permeability measurements of
two more shale samples presented in Figs. 14 and 15. The normalized
permeability values are following the double-slip curve corresponding
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Fig. 9. Typical pressure decay during permeability measurement using crushed samples.
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to an effective capillary size less than 5 nm which is again in good
agreement with their effective pore size distributions obtained using
high‐pressure mercury injection.
4. Conclusions

A numerical investigation is presented showing that inelastic
collisions of gas molecules with the nano-capillary walls create a
high kinetic energy molecular streaming effect on the fluid flow.
This leads to dramatic changes in the fluid flow velocity profile. As
the consequence of these local dynamics, the apparent permeability
of the nano-capillary is perceived as significantly higher than the ab-
solute permeability. A double-slip Klinkenberg equation is proposed
and a modified Klinkenberg chart is constructed to quantify the mo-
lecular streaming effect on the flow.

A practical significance of the presented theoretical work is on the
measurement of crushed particle permeability using gas uptake or re-
lease experiments. The “crushed permeability” measurements for
nano-porous coal and shale samples are routine for the unconven-
tional natural gas industry. Unfortunately, although they are fast
and low-pressure laboratory methods, there are widely-recognized
uncertainties associated with these measurements mainly because
the permeability varies significantly for the same sample when the
results from different commercial laboratories are compared Passey
Fig. 10. Normalized double-slip Klinkenberg chart for steady-state gas flow in
nano-capillaries and Pyrophyllite crushed permeability measurements.
et al. (2010). Often these differences in the reported values are
attributed to the unknown laboratory conditions and measurement
techniques, and size of the crushed sample fragments. In this work
we showed that a dramatic variation in the apparent permeability is
possible due to small changes in the measurement cell pressure due
to kinetic effects of the gas molecules in nano-capillaries. We believe
that the double-slip permeability concept and the modified
Klinkenberg equation are likely to remove some of these
uncertainties associated with the coal and shale permeability and
lead to development of new measurement protocols for the industry.

The numerical and laboratory experiments presented in this arti-
cle were designed such that adsorption of the fluid molecules on
the capillary walls is negligible. The absence of this physical mecha-
nism has led to a simplified and idealized environment where rigor-
ous analysis on steady-state flow could be done. Considering more
realistic problems in the presence of adsorption could lead to
development of new phenomena, in particularly at high pressures.
Consequently, one may need to consider the reduced capillary space
available for flow and the adsorbed-phase transport (or surface trans-
port) of the gas molecules during numerical and physical simulations.
We left this investigation outside of the scope of this article due to
space limitations. Further information on adsorption-dominated
transport could be found in Fathi and Akkutlu (2011) and Akkutlu
and Fathi (2011).
Fig. 11. (LKe/λ)/(p/b) versus average pressure for varying capillary sizes.
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Nomenclature
a Lattice node
b Slope of Klinkenberg straight line
c Proportionality factor
e Lattice velocity
f Distribution function
feq Equilibrium distribution function
G Interaction strength
h Diameter of capillary
K Permeability
Ka Apparent permeability
Kn Knudsen number
L Capillary length
LKe Length scale of kinetic energy of bouncing‐back molecules

by the wall
N Number of wall sites available for collision with the gas

molecules
NRe Reynolds number
P Pressure
R Universal gas constant
T Temperature
t Time
V Macroscopic velocity vector
Vslip Slip velocity
Vyi Velocity of gas molecule at site i in the (y-) direction of flow

in the capillary
x Lattice space

Greek symbols

λ Gas molecules mean free path
μ Gas dynamic viscosity
ρ Gas density
τ Relaxation time
τ⁎ Effective relaxation time
υ Gas kinematic viscosity
ω Weighting factor
Ω Collision operator
Ψ Potential function
Π relaxation time correction function
Appendix A. Lattice Boltzmann modeling of gas dynamics in
straight capillary

LBM is a numerical method based on statistical physics, first devel-
oped for simulation of fluid dynamics and transport phenomena
governed by the Navier–Stokes equations (Fathi and Akkutlu, 2011;
Succi, 2001). Later LBM attracted great interest for the simulation of
wide range of computational fluid dynamics problems (Nie, et al.,
Table 1
Double-slip parameters for steady-state methane flow in nano-capillaries at 77 °F. The
table is generated using LBM simulations.

Capillary Diameter h, nm Liquid permeability, k, μd b, psi LKE/λ

100 790 140 1.35
50 206 189 1.55
30 87 340 1.70
20 80 343 1.80
15 75 465 1.84
10 57 500 1.90
5 20 510 2.05
2002; Sukop and Thorne, 2006). LBM is described by the lattice
Boltzmann equation, lattice pattern, and local equilibrium distribution
function. The lattice Boltzmann equation is a combination of two pro-
cesses: (i) streaming, inwhich each fluid particlemoves in the direction
of its velocity to the neighbor lattice node; and (ii) collision, where par-
ticles arriving at a node collide and change their velocity direction
according to collision operator Ω. The lattice Boltzmann equation can
be written as

f a xþ eaΔt; t þ Δtð Þ ¼ f a x; tð Þ þΩ f að Þ a ¼ 0;1;…;N ð3Þ

Where fa is the distribution function of particles, x and t are space and
time dimensions,Δt is incremental time step, and ea is the velocity vector
of the particle at node a. The corresponding dimensions for location and
time in LBM domain can be defined as lattice unit (lu) that is the funda-
mental measure of length in the LBM models and lattice time steps (ts)
that is the time unit. The lattice Boltzmann equation (LBE) can be derived
bydiscretization of Boltzmann equation in both time and space. In the lat-
tice Boltzmann equation, the number of possible particle positions and
their velocity directions is limited to the number of nodes in each lattice.
The number of velocity magnitudes, which distinguishes different lattice
patterns, is also limited. Further simplification of the general lattice equa-
tion has been made by assuming uniform particle mass (mu) equal to 1
that leads to equivalent microscopic velocities and momenta. Definition
of the lattice pattern depends on the dimension of space wewant to sim-
ulate; however, to recover the correctflowequations it is necessary to use
specific lattice patterns that provide sufficient lattice symmetry, like
Fig. 12. Example history-matching of Pyrophyllite sample #2 using double-slip
Klinkenberg chart and Procedure 2 at the top and pore size distribution of the sample
obtained using high-pressure mercury injection at the bottom.
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Fig. 13. Example history-matching of Shale sample #3 using double-slip Klinkenberg
chart and Procedure 2 at the top and pore size distribution obtained using
high-pressure mercury injection at the bottom.

Fig. 14. Example history-matching of Shale sample #4 using double-slip Klinkenberg
chart and Procedure 2at the top and pore size distribution obtained using
high-pressure mercury injection at the bottom.
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square and hexagonal lattices (Sukop and Thorne, 2006). In two dimen-
sional simulations, a 9 speed square lattice (Fig. 2; left) called D2Q9 has
been used extensively, where each particle moves one lattice unit (lu)
at its velocity defined by ea (Eq. (4)) and in one of the eight directions in-
dicated with 1–8 in Fig. 2 (left). Based on this nomenclature, the particle
at position 0 is called the rest particle that has a zero velocity.

ea ¼

0;0ð Þ a ¼ 0

cos
a−1ð Þπ

4
; sin

a−1ð Þπ
4

� �
a ¼ 1;2;3;4

ffiffiffi
2

p
cos

a−1ð Þπ
4

; sin
a−1ð Þπ

4

� �
a ¼ 5;6;7;8

8>>>>><
>>>>>:

ð4Þ

The next step is to define a proper collision operator. The
Bhatnagar–Gross–Krook (BGK) collision operator with a single relax-
ation time is often used for this purpose. The BGK collision operator is
derived based on linearization of the collision operator around the
equilibrium state, neglecting the higher-order terms, and assuming
Ωa(faeq) is equal to zero. Therefore, the BGK collision operator can be
written as,

Ω f að Þ ¼ − f a−f eqa
τ

ð5Þ

Here τ is the relaxation time which can be assumed constant in
the case of nearly incompressible fluids. This assumption introduces
the second order truncation error in the lattice Boltzmann equation.
In isothermal LBM models this error is completely absorbed into the
kinematic viscosity, υ, defined in (Sukop and Thorne, 2006) as:

υ ¼ τ−0:5ð ÞRT ð6Þ

where R is the ideal gas constant and T is the temperature. In the
D2Q9 model RT is taken to be equal to 1/3. Eq. (6) defines the relation
between relaxation time and kinematic viscosity in continuum flow,
suggesting flow is controlled by the Reynolds number, that is a
non-dimensional number reflecting the balance between viscous
and inertial forces and is inversely proportional to kinematic viscosity
υ. However, in the case of transport in micro-channels with a large
Knudsen number the flow is controlled by Knudsen number, which
is defined as the ratio of the mean free path of molecules (λ) to the
macroscopic length scale of the pores (h): Kn=λ/h. Therefore, the
relaxation time needs to be corrected for the Knudsen number. Here
we use the approach introduced in Suga, et al. (2010), where the
effective relaxation time is a function of Knudsen number as follows:

τ� ¼ τΠ Knð Þ ð7Þ

where the function Π(Kn) is introduced as:

Π Knð Þ ¼ 2
π
arctan

ffiffiffi
2

p
Kn−3=4

� �
: ð8Þ
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Fig. 15. Example history-matching of Shale sample #2 using double-slip Klinkenberg
chart and Procedure 2 at the top and pore size distribution obtained using
high-pressure mercury injection at the bottom.

Fig. 16. Schematic of the apparatus used to implement the pressure decay measure-
ment on crushed rock.
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The Knudsen number can be found using the following equation

Kn ¼ υ
h

ffiffiffiffiffiffiffiffiffi
π

2RT

r
: ð9Þ

Application of Eq. (7) introduces thewall effectmore clearly and im-
plies that some of the particles hitting thewall have shorter effective re-
laxation time (τ*) than the case where the wall effect was ignored (i.e.
using τ instead), which appears as amean slip velocity at thewall at the
macroscopic level.

Having introduced the lattice Boltzmann equation and the lattice
pattern, we are using equilibrium distribution function defined in
Eq. (10) to solve Navier–Stokes problem.

f eqa ¼ ωaρ 1þ 3 ea:Vð Þ
e2

þ 9 ea:Vð Þ2
2e4

−3 V :Vð Þ
2e2

" #
: ð10Þ

Here, the weights, ωa, are equal to ω0=4/9, ω1=ω2=ω3=ω4=
1/9 and ω5=ω6=ω7=ω8=1/36 and e is the lattice velocity defined
as the lattice size (lu) over the lattice time step (ts). Gas density (ρ)
and velocity (V) are macroscopic quantities that can be obtained as
follows:

ρ ¼
X8
a¼0

f a; V ¼ 1
ρ

X8
a¼0

ea f a ð11Þ
A.1. Cohesive forces

To describe the interaction forces between the particles, we just
consider the cohesive forces between neighbor particles and ignore
the long range forces between them using the formulation introduced
by Sukop and Thorne (2006):

F x; tð Þ ¼ −GΨ x; tð Þ
X8
a¼0

ωaΨ xþ eaΔt; tð Þea ð12Þ

Here, Ψ is the interaction potential function, G is the interaction
strength that is negative for attractive forces, and ωa is a weighting
factor defined earlier in Eq. (10).

The interaction potential function can be defined as amonotonically
increasing and bounded function. Here we use the simple form of the
exponential function, where the interaction potential is a function of
gas density and a constant ρ0,

Ψ ρð Þ ¼ ρ0 1− exp
−ρ x; tð Þ

ρ0

� �� �
ð13Þ

Introduction of the interaction forces between the particles in the
LBM formulation leads to non-ideal equation of state (Eq. (14))

P ¼ ρRT þ GRT
2

ψ ρð Þ½ � 2 ð14Þ

A.2. Boundary conditions

For the boundary conditions at the inlet and outlet we are using
periodic boundary conditions where the capillary acts as a close sys-
tem. In this case open ends are treated as if they are attached to oppo-
site ends. Particles colliding with solid boundaries bounce off the
boundary in such a way that their momentum in the direction of
flow conserves and reverses perpendicular to the boundary (Poyurs,
2010). The body forces (cohesive forces) are added through the
directionally-dependent force term in the equilibrium distribution
that partially redistributes the particle motion at a node in the direc-
tion of the force term. These forces cause an extra momentum change
to the particles in addition to themomentum exchange caused by col-
lisions with other particles therefore the total momentum does not
conserve locally; however, the momentum of the whole system can
be shown to be conserved (Shan and Doolen, 1995).

Appendix B. Transient permeability measurement using
crushed samples

The technique is commonly used to measure permeability of
low-permeability crushed rock samples. Fig. 16 is a schematic of a
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typical apparatus used for pressure decay measurement. The proce-
dure is as follows. Initially valve 1 is closed when valves 2 and 3 are
opened to the atmosphere. This is followed by the opening of valve 1
while valve 2 is closed and valve 3 remains open. Gas is allowed to
flow and fill the reference cell at a predefined pressure. After the pres-
sure in the reference cell has reached the thermal equilibrium, valves 1
and 3 are closed while valve 2 is opened. Gas is transported from the
reference cell and expands into the sample cell and the sample parti-
cles. The pressure drop is continuously recorded with high precision
digital pressure transducer during the gas expansion. The pressure
transducer used allows sampling at high rates typicallywith a frequen-
cy of 4 ms.

In these experiments different gases such as helium, nitrogen or
methane can be used to investigate the sieving effects. Because this
experiment is usually performed under low pressures, gas adsorption
is assumed negligible. Permeability is obtained by history-matching
the transient pressure curve. This technique presents the advantage
of being very fast compared to the other permeability measurement
techniques, such as pressure pulse decay using core plugs, where
the permeability dependency could also be investigated as a function
of stress (Ousseini, 2012). Pulse decay measurements for core plugs
under confining pressure can be used for that purpose. However it
is very difficult to distinguish the velocity and permeability enhance-
ment due to double‐slip and stress effects using pulse decay experi-
ment for core plugs under confining stress.
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